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Abstract 



o 

^ • Earlier the authors offered an equivariant version of the classical 

monodromy zeta function of a G-invariant function germ with a finite 
group G as a power series with the coefficients from the Burnside ring 
Kq{LG-s.) of the group G tensored by the field of rational numbers. 
One of the main ingredients of the definition was the definition of the 
equivariant Lefschetz number of a G-equivariant transformation given 
by W. Liick and J. Rosenberg. Here we offer another approach to a 

T^ . definition of the equivariant Lefschetz number of a transformation and 

^^ I describe the corresponding notions of the equivariant zeta function. 

This zeta-function is a power series with the coefficients from the ring 
-firo(f.G-s.). We give an A'Campo type formula for the equivariant 

(^ ', monodromy zeta function of a function germ in terms of a resolution. 

Many topological invariants have equivariant versions for spaces with ac- 
tions of a group G, say, a finite one. For example, in [13], an equivariant 
K^ I version of the Euler characteristic is an element of the Grothendieck ring of 

Z[G]- or Q[G]-modules. In [121 Section 5.4] it is defined as an element of the 
Burnside ring of the group G (that is of the Grothendieck ring KQ{i.G-s.) 
of finite G-sets). Applying these concepts to the Milnor fibre, one gets an 
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equivariant version of the Milnor number of a G-invariant function-germ. For 
example, in ^4j it is an element of the ring of virtual representations of the 
group G. 

An important invariant of a germ of a holomorphic function (on (C", 0) 
or of a germ of a complex analytic variety) is its monodromy zeta function. It 
is defined as the zeta function of the classical monodromy transformation on 
the Milnor fibre. The monodromy zeta function is connected with a number 
of other invariants, topological and analytic ones. For example, in [2], it 
was shown that, for an irreducible plane curve singularity, the monodromy 
zeta function of the corresponding function-germ coincides with the Poincare 
series of the natural titration on the local ring defined by the corresponding 
valuation. There are generahzations of this fact to some other situations (see, 
e.g., a survey in [7]). In all these cases one has no intristic explanation of the 
relation. The relation is obtained by independent computation of the right 
and left hand sides of it in the same terms and comparison of the obtained 
results. 

Generalizations of relations of this sort to equivariant settings could help 
to understand the general framework. This leads to the desire to define 
equivariant analogues of monodromy zeta functions and of the Poincare series 
of filtrations. These problem is not trivial and equivariant analogues are not 
unique. For example, in [3l H], there were offered different approaches to 
equivariant Poincare series. In [H], there was given an equivariant version 
of the monodromy zeta function as a power series with the coefficients from 
K^ii.G-s.) ® Q. The fact that it was defined only after tensoring by the field 
Q of rational numbers makes it less reasonable, in particular, to compare it 
with the equivariant versions of the Poincare series which were defined over 
integers. 

One of the main ingredients of the definition of the equivariant version 
of the monodromy zeta function in [9] was the definition of the equivariant 
Lefschetz number of a transformation from [H] . The definition from [11] is 
rather natural. Moreover, one can say that it is the only possible definition 
possessing some reasonable properties. However the fact that it leads to a 
"non-integer" definition of the (monodromy) zeta function gives a hint that 
this definition is not absolutely adequate to this purpose. 

There is certain freedom in a definition of an equivariant Lefschetz number 
of a transformation connected with the question whether it should count the 
fixed points of the transformation or the fixed G-orbits of it. Here we discuss 
the second approach, describe the corresponding notions of the equivariant 



Lefschetz number and of the zeta function of a transformation. This zeta- 
function is a power series with the coefficients from the ring KQ{i.G-s.). 

We give an A'Campo type formula for the equivariant monodromy zeta 
function of a function germ in terms of a resolution. 

1 Burnside ring and the equivariant Euler 
characteristic 

A finite G-set is a finite set with an action of the group G. Isomorphism 
classes of irreducible G-sets (i.e. those which consist of exactly one orbit) are 
in one-to-one correspondence with the set consub(G) of conjugacy classes of 
subgroups of G. The Grothendieck ring Ko(i.G-s.) of finite G-sets (also called 
the Burnside ring of G) is the group generated by isomorphism classes of finite 
G-sets with the relation [^ U -B] = [A] + [B] and with the multiplication 
defined by the cartesian product. As an abelian group KQ(i.G-s.) is freely 
generated by isomorphism classes [G/H] of irreducible G-sets. 

The Grothendieck ring i^o(f-G-s.) has a natural pre-A-ring structure de- 
fined by the series 

axit) = i + [x]t + [s^x] e + [s^x] e + ..., 

where S^X = X^/Sk is the k-th symmetric power of the G-set X with the 
natural G-action. This pre-A-ring structure induces a power structure over 
the Grothendieck ring KQ{i.G-s.): see 0. This means that for a power series 
A{t) G 1 + t ■ i^o(f-G-s.)[[t]] and m e i^o(f-G-s.) there is defined a series 
(A(t))™ G 1 + t ■ -K'o(f-G-s.)[[t]] so that all the properties of the exponential 
function hold. In these notations ax{t) = (^ — t)^^^\ 

Some examples of computation of the series (1 — t)^!*^/-^! for G being 
the cyclic group Zg of order 6 and the group S3 of permutations on three 
elements can be found in ^. All of them belong to M(t) ® -ft'o(f.G-s.), where 
M(t) is the ring of rational functions in the variable t. For example 

(1 _„-,«.,, = _l_m + __j!__|53/z3| 

t(l + 4t' + t^ + W - 2t^ + 3t6 + t^) 



There is a natural homomorphism from the Grothendieck ring KQ{i.G-s.) 
to the ring R{G) of virtual representations of the group G which sends the 
class [G/H] G Ko{i.G-s.) to the representation ^^^[1//] induced from the trivial 
one-dimensional representation 1h of the subgroup H. This homomorphism 
is a homomorphism of pre- A- rings (|10j). 

In some places, say, in [121 [HI IS], the equivariant Euler characteristic of a 
G-space is considered as an element of the Grothendieck ring Koli.G-s.). For 
a relatively good G-space X (say, for a quasiprojective variety) the equivari- 
ant Euler characteristic x'^i^) ^ Ko{i.G-s.) can be defined in the following 
way. For a point x E X , let Gx = {g & G : g-x = x} be the isotropy subgroup 
of the point x. For a conjugacy class h G consub((j'), let X'^ = {x E X : 
X is a fixed point of a subgroup H E h] and let X*^'^^ = {x G X : G^, G /i} be 
the set of points with the isotropy subgroups from h. (One can see that in 
the natural sense X^'^) = X'^ \ X>'*, where X>^ = [j X^'.) Then 

h'>h 

x^(x)= Y. ^^^^p^[G/^]= E x{x^'Vg)[gihi (1) 

/igconsub{G) hGconsub(G) 

where if is a representative of the conjugacy class h. 

Remark. Here we use the additive Euler characteristic x{')i i-6- the alter- 
nating sum of the ranks of the cohomology groups with compact support. For 
a complex analytic variety this Euler characteristic is equal to the alternating 
sum of the ranks of the usual cohomology groups. 

The natural homomorphism from the Grothendieck ring Kq{{.G-^.) to 
the ring R{G) of virtual representations of the group G sends the equivariant 
Euler characteristic x'^iX) to the one used in [T4|. Since this homomorphism 
is, generally speaking, neither injective, no surjective, the equivariant Euler 
characteristic as an element in i^o(f-G-s.) is a somewhat finer invariant than 
the one as an element of the ring R{G). 

2 An alternative version of the equivariant 
Lefschetz number of a map 

Let X be a relatively good topological space (say, a quasiprojective complex 
or real variety) with a G-action and let (/? : X — )■ X be a G-equivariant map. 
The usual ( "non-equivariant" ) Lefschetz number L{ip) counts the fixed points 



of if (or rather of its generic perturbation). The equivariant version L'^{f) of 
the Lefschetz number from [TT] counts the fixed points of (/? as a (finite) G-set. 
This leads to the following equation for the equivariant Lefschetz number 

L'=M= E ^'■^""■gp'l^' lG/g]. (2) 

/leconsub(G) 

where if is a representsative of the class h. If yj is a G-homeomorphism (like 
the monodromy transformation, see Section H]), then 

^^(^)= E 1^1 [G/H]. (3) 

/leconsub(G) 

Assume that one wants to count the fixed orbits of (p (i.e. the orbits 
which are sent to themselves, generally speaking, not pointwise) as finite 
G-sets. This leads to the following definition of the equivariant Lefschetz 
number: 

L^(^)= E i^(^|(xVG,x>VG))[G/i/]. (4) 

/iGConsub{G) 
If (y9 is a G-homeomorphism, one has 

L^{^)= E L(¥,|^(.)/J[G/i7]. (5) 

hGConsub{G) 

(It is useful to compare Equations ([2]), ([3]) and (jl]), (^ with the two parts of 
the equation ([T]).) 

Example. For some simplicity, let the group G be abelian, let X = {G/H) x 
Zfc, A; > 0, and let the map yj : X — )■ X be defined by 

, , I (a, z + 1) for < z < A; - 1 , 
V9(a,z) = < 

I {ga, 0) for z = A; — 1 

(here Z^ = {0, 1, . . . , A; - 1}). If A; > 1, then /."^(yj) = L'^(v?) = since ip has 
neither fixed points, no fixed orbits. The smallest i for which L^{(f^) ^ 
is i = A;. In this case all the G-orbits in X are fixed by (f'' and therefore 
L^{lP^) = k[G/H]. On the other hand, ii g ^ H, the map (f'^ has no fixed 
points and thus L^[ip^) = 0. The smallest i for which L'^{ip^) j^ is i = ik, 
where i is the order of the element g in the group G/H. In this case all the 
points of X are fixed by ip^'' and therefore L'-^{ip^^) = k[G/H]. 



3 The zeta function of a transformation 

Let (y9 : X — )■ X be as above. The usual (non-equivariant) zeta function 
of if is defined in terms of the action of if in the (co)honiology groups of 
X (in a way somewhat similar to the definition of the Lefschetz numbers). 
This definition is not convinient for a direct generalizarion to the equivariant 
case. It is more convinient to use the definition of the zeta function of the 
transformation ^p in terms of the Lefschetz numbers of the iterates of (p. One 
defines integers Sj, i = 1, 2 . . . , recursively by the equation 

L{v^) = Y,s,. (6) 

i\m 

The number Sm counts the points x G X which have y^-order equal to m 
(i.e. ip'^{x) = X, (f^{x) ^ X ioT < i < m). Together with each such point 
all its images under the iterates of if (there are exactly m different ones) are 
of this sort. Therefore Sm is divisible by m. One defines the zeta function 
(^{t) to be 

at):=n(i-n--. 

m>l 

Remark. There are two traditions to define the zeta function of a transfor- 
mation. The other one does not contain the minus sign in the exponent and 
therefore is the inverse to this one. Here we follow the definition from pj|. 

In the equivariant version, let s^{(p) and S^(v^) be defined through L'^{ip^) 
and L^{ip'^) respectively by the analogues of the equation ([6]) 

Lli^) = E^?(^)' ^^(V^) = E^tlv')- (7) 

i\m i\m 

The elements s^{(p) and s^i'p) count points in X the (/^-order of which is 
equal to ?ti in X and in X/G respectively. 
Example. In the example from Section [2] 

sf{^) = for i<k and §^(^) = L^{^) = k[G/H], 

sf{^) = for Klik and sg{^) = L^{^) = k[G/H]. 

One can see that, in the example, s'^{(p) is divisible by k but sff^{(p) is not 
divisible by ik. This is a general feature. One can easily prove the following 
proposition. 



Proposition 1. The element s^{<f) in Kq^LG-s.) is divisible by m. 

This permits to give tlie following definition: 

Definition: The equivariant zeta function of a G-equivariant map 93 : X — )■ 
X is the series C^(t) G 1 + 1 ■ {Ko{i.G-s.))[[t]] defined by 

(^it) = U^^-n--, (8) 

m>l 

where the virtual finite G-sets s^ G Ko(f.G-s.) are defined as above. 

Remark. The definition given in [9] used the elements s^ and made sense 
only after tensoring by the field Q. 

Applying the natural homomorphism from the Grothendieck ring KQ{i.G-s.) 
to the ring R{G) of representations of the group G (see Section [1]) one gets 
a reduced version of the zeta function as an element of 1 + t ■ (i?(G))[[t]]. 
The equivariant Poincare series of filtrations defined in P] also belongs to 
the set 1 + t ■ (_R(G))[[t]]. (In fact the latter one even belongs to the set 
1 + t ■ {Ri{G))[[t]], where Ri{G) is the subring of R{G) generated by the 
1-dimensional representations. However, for an abelian group G, where the 
notion of the equivariant Poincare series from [3] really makes sense, these 
sets coincide.) 

The properties of the equivariant Lefschetz numbers and the example 
above imply the following propositions. 

Statement 1. Let ip : X -^ X be such that ip{Y) C Y, ip{X \Y) C X \Y 
for a G -subset Y <Z X. Then 

Statement 2. Let X = X^^^ for a conjucacy class h G consub{G) and let 
if : X -^ X be a G-equivariant map. Then 



for a representative H of the class h. 



[G/H] 



4 The A'Campo type formula for the equiv- 
ariant monodromy zeta function 

Let {V, 0) be a germ of a purely n-dimensional complex analytic variety with 
an action of the group G and let / : (V, 0) — )■ (C, 0) be the germ of a G- 
invariant analytic function such that Sing V C /^^{O}. Let Mf be the Milnor 
fibre of the germ / at the origin: Mf = {x E V : f{x) = e, \\x\\ < 6} with 
< 1^1 ^ 5 small enough (for this definition we assume {V, 0) to be embedded 
in the afiine space (C^, 0)). The group G acts on the Milnor fibre Mf. The 
classical monodromy transformation h = hf : Mf — )■ Mf corresponds to the 
loop e{r) = e ■ exp {2'iTiT) in C around the origin. 

Let vr : {X,V) — )■ {V,0) be a G-equivariant resolution of the germ /, 
i.e. a proper G-equivariant map from an n-dimensional G-manifold X to 
V such that n is an isomorphism outside the zero level set /~^{0} of the 
function / and, in a neighbourhood of any point p of the total transform 
Eq := 7r~^(/~^{0}) of the zero-level set /~^{0} of the function /, there exists 
a local system of coordinates zi,...,Zn (centred at the point p) such that 
fon{zi, . . . , Zn) = -2™^ -2™^ ■ ■ ■ -2™", with non-negative integers rrii, i = 1, . . . ,n. 
(This implies that the total transform Eq of the zero level set /~^{0} is a 
normal crossing divisor on X). Moreover, we assume that, for each point 
p E Eq, the irreducible components of Eq at the point p are invariant with 
respect to the isotropy group Gp of the point p. (This can be achieved, if 
necessary, by additional blow-ups of the intersections of the components of 
the exceptional divisor.) 

Let Sm, rn > 1, be the set of points p of the exceptional divisor V := 
7r^^{0} such that, in a neighbourhood of the point p, one has fon{zi, . . . ,Zn) = 
z^. For p E Sm, let Gp be the isotropy group of the point p: Gp = {g E 
G : gp = p}- The group Gp acts on the smooth germ {X,p) preserving the 
exceptional divisor V locally given by 2:1 = 0. This implies that, in a neigh- 
bourhood of the point p, one can suppose Gp to act by linear transformations 
in coordinates Zi,. . . ,Zn preserving "the normal slice" Z2 = ■ ■ ■ = Zn = 0. 
This way one gets a linear representation of the group Gp on this normal 
slice. Let Gp be the kernel of this representation. One can see that Gp/Gp 
is a cyclic group the order of which divides m. 

Let S^^fj, {H C H), be the set of points p G Sm such that the pair 

{H,H) is conjugate to the pair {Gp,Gp), i.e. for an element g E G one has 
Gp = gHg'^ and Gp = gHg'^. 



Theorem. 

m>l,{h,h) 

TT (i_i™^)-x(5^,^,ij/G)[G/i/]^ ^g^ 

m>l,{hji) 

where the product is over all conjugacy classes {h, h) of pairs of subgroups of 
the group G (such that H/H is cyclic), the pair {H, H) is a representative of 
the conjugacy class {h, h) . 

Proof. Since the resolution vr is an isomorphism ouside of /~^(0), the Milnor 
fibre Mf can be identified with its preimage '7r~^(Mj) C X. Just like in the 
non-equivariant case (see [I] , [5] ) one can construct a G-equivariant retraction 
of a neighbourhood of the total transform Eq of the zero level set /^^{O} to 
Eq itself such that, outside of a neighbourhood in Eq of all intersections of 
at least two irreducible components of £"0, i-e. where in local coordinates 
/ o 7r(zi, . . . , Zn) = z^, m > 1, the retraction sends a point (zi, Z2, ■ ■ ■ , Zn) to 
(0, Z2, ■ ■ ■ , Zn)- 

Moreover, one can construct a monodromy transformation h which com- 
mutes with the retraction and, in a neighbourhood of a point where / o 
n{zi, . . . ,Zn) = z^, it sends a point {zi, Z2, ■ ■ ■ , Zn) G Mf to (exp(^)2;i, 2:2, ... , 
Mf, Mf being the Milnor fibre. 

From Statement [H it follows that the equivariant zeta function Cfi^) • = 
C^ it) is equal to the product of the equivariant zeta functions for the mon- 
odromy transformation on the preimages of the strata S^ jj g and on neigh- 
bourhoods of the intersections of the irreducible components of E^. 

One can show that the equivariant zeta function of the monodromy trans- 
formation on a neighbourhood of an intersection of the irreducible compo- 
nents of Eq is equal to one. This follows from the fact that the Milnor fibre 
Mf in a neighbourhood of such an intersection can be fibred by circles and 
the monodromy transformation can be supposed to preserve these fibration. 

To compute the equivariant zeta function of the monodromy transfor- 
mation on the preimage of the stratum S^^ q it is useful to have in mind 
the following property of the usual zeta funtion of a transformation. Let 
if -.Y ^Y he such that </?* has no fixed points for < z < fc, y^'^ = id. Then 
Cv(^) = (1 ~ t''^-xiY)/k_ Now the mentioned above equivariant zeta function 

9 



is given by Statement [2] and is equal to 



^1 _ t'"-W\) \ G \ ''^/■"J = (1 - t™W 



"-Wi\ lSf^^^[G/H] _ ,. _ .m^ (5 /G)[G/5] 



This implies (E]). D 

Examples. 

1. Assume that the classical monodromy transformation h = hf : Mf — )■ 
Mf is an element of the group G. This happens, in particular, when 
/ is a quasi- homogeneous function and G is its symmetry group. In 
this case the action of h on Mf/G is trivial and therefore Cfit) = (1 ~ 
f^-x {Mf) _ Thus in this case the equivariant monodromy zeta function 
is determined by the equivariant Euler characteristic x'~^{Mf) of the 
Milnor fibre Mf. This corresponds to the idea that in this situation 
the equivariant Euler characteristic x*^(Mj) can be considered as an 
equivariant analogue of the monodromy zeta function: [6]. 

2. Let / : (C^ 0) -^ (C, 0) be defined by fix,y,z) = x™ + y" + z"^. 
Consider the natural action of the group 1S3 of permutations on three 
elements on C^ by permutations of the cooordinates. The function 
/ is iSa-invariant. Blowing-up the origin, one gets a resolution of the 
function /. Let us assume that m = 6k. (In the other cases some of 
the strata S^ j^ q bellow can be empty. These cases can be treated in 
the same way.) One has the following strata S^j^g: 

a) Sm,S3,S3 consists of one point P = (1 : 1 : 1) G CP^ = 7r^^(0). 

b) Sm,Z2,Z2 consists of three lines {x = y}, {x = z} and {y = z} (passing 
trough P) without their intersections with the strict transform of the 
surface {/ = 0}, i.e. with the curve C = {x'" + y™ + 2™ = 0} C CP^. 
One has ^('S'm.Za.Za/'^a) = 1 -6k. 

c) Sm,Z2,{e) consists of three points (1 : —1 : 0), (1 : : —1) and 
(0:1: —1). (For 6\m these points do not lie on the curve C.) One has 

XiSm,Z2,{e)/'Ss) = 1. 

d) Sm,Z3,{e) consists of two points (1 : a : a^) and (1 : cr^ : a), where 
a = exp(27ri/3). (For 6\m these points do not lie on C.) One has 

XiSm,Z3,(e)/S3) = 1. 

e) Sm,{e),(e) IS the complement in CP^ to the curve C and to all the 
strata above. One has x{Sm,{e),{e)/<S3) = 6k'^ — 1. 
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Now A'Campo formula (^ gives 



^53 (^^^) = (1 - t^^y^ ■ (1 - t6fc){6fc-l)[53/Z2] . ^-^ _ ^3ky[S3/{e)] 



(1 _ ^2ky[S;/{e)] . (^^ _ ^6fc^(l-6fc2)[53/(e)] 
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